In superconductors, the condensation of Cooper pairs gives rise to fluxoid quantization in discrete units of Φ 0 = hc 2e. The denominator of 2e is the signature of electron pairing, which is evidenced by a number of macroscopic quantum phenomena, such as the Little-Parks effect and the Josephson effect, where the critical temperature or the critical current oscillates in the period of Φ 0 . Here we report the observation of fractional Little-Parks effect in mesoscopic rings of epitaxial β-Bi 2 Pd, a topological superconductor.
Indeed, with no crystalline grain boundaries, none of the 30 rings of epitaxial thin films exhibits a π-phase shift with a half-quantum flux, as we expected.
On the other hand, the Little-Parks effect in the epitaxial β-Bi 2 Pd ring manifests striking new features. While the oscillation no longer shows the π phase shift, the period of the oscillation is not simply Φ 0 , but evidently departs from the 2π-periodicity. As shown in Fig. 1d , after a smooth background has been subtracted from the raw data presented in Fig. 1c , the Little-Parks oscillation shows not 2π-periodicity of Φ 0 , but predominately 4π-periodicity of 2Φ 0 . The emergence of this new 4π-periodicity may be better examined by the Fourier transform analysis of the Little-Parks oscillations, as shown in Fig. 1e , where the spectral peak occurs at the frequency corresponding to 2Φ 0 , or the 4π-periodicity. Being dwarfed by the overwhelming 4π-periodicity, the presence of the conventional 2π-periodicity is only hinted by the kink-like feature near ± 3 Φ 0 in Fig. 1c . In fact, a small 2π-periodic component can be revealed by analyzing the Fourier transform spectra, detailed in the Supplementary Information [33] .
We present another example where both 2πand 4π-periodicities are unambiguously visible from the Little-Parks oscillation. Fig. 2a shows the temperature dependence of the Little-Parks effect in Device B, a 450 nm-size ring fabricated using an epitaxial β-Bi 2 Pd/MgO thin film. Prominent 2π-periodic oscillation is accompanied by a 4π-periodic component for temperatures of 3.0 K and 3.05 K. Above this temperature range, the 4π-periodicity becomes overwhelming in contrast to the diminishing 2π-component. Below 3.0 K, more interestingly, a 6π-periodic component appears to emerge at the low field range for Φ < 6Φ 0 , before giving way to the 4π-periodicity at higher fields for Φ > 6Φ 0 . The complex temperature-dependent evolutions of various periodicities may be best demonstrated in the Fourier transform spectra as shown in Fig. 2b . The amplitude of the conventional 2π-periodicity is more prominent at around 3.0 K, but abating in magnitude towards both lower and higher temperatures. A strong 6π-periodic peak appears at the low temperatures, while the 4π-periodic component intensifies with ascending temperatures and dominates at We present yet another example where the Little-Parks oscillation is exclusively dominated by the 6π-periodicity. Fig. 3 shows the results obtained from Device C, a 900 nm-size ring of epitaxial β-Bi 2 Pd/SrTiO 3 . The 6π-periodicity is unequivocally demonstrated in both the resistance oscillation (Fig. 3a ) and the Fourier transform spectra (Fig. 3b ). The persistence of the 6π-periodicity shows little temperature dependence. Yet an additional high-pitch oscillation with the period of 1 2 Φ 0 emerges at the low temperatures, most prominently at 2.5 K (Figs. 3a and S9b). This π-periodicity, whose peak is not immediately recognizable from the Fourier transform spectra presented in Fig. 3b due to small oscillation amplitude, can be unambiguously revealed by further analyzing the spectrum (Fig. S9a) [33]. It has been proposed that the half-quantum vortices may be present as a result of spin-triplet pairing [39] [40] [41] and was sought after in 3 He-A [42] and Sr 2 RuO 4 [43, 44] . In our case, we have observed the 1 2 Φ 0 -periodicity in about one tenth of the devices [33]. Its occurrence is far less frequent than the other periodicities of 4π, 6π, and 8π, which is to be discussed next.
The Little-Parks oscillation of β-Bi 2 Pd may also manifest 8π-periodicity. An example is shown in Fig. 3c as the result obtained from Device D, a 600 nm-size ring of epitaxial β-Bi 2 Pd/SrTiO 3 . It is clear that the oscillation period of 4Φ 0 dominates at all temperatures, while a smaller oscillatory component with the ordinary period of Φ 0 is also present. Prominent peaks corresponding to the 8π-periodicity are evident in the Fourier transform spectra shown in Fig. 3d . A spike-like feature, centered at the zero magnetic field, emerges for temperatures higher than 2.7 K, as shown in Fig. 3c . We note that this spike-like feature is not unique to Device D, but also observed in other samples, such as Devices A and C. Its sharp decay at finite magnetic field and the non-repeating nature indicate that the spike is not part of the Little-Parks oscillation, but more likely a signature of weak localization [33] .
The fluxoid quantization, which produces 2π-periodicity, is universal for a superconducting loop, regardless of the details of the particular device, such as size, shape, presence of defects, etc.
In contrast, the novel non-2π-periodicities are only observed in epitaxial β-Bi 2 Pd, with noticeable variations among devices. The variation is not determined by the ring geometry, as devices with nominally identical shapes may exhibit different combination of periodicities [33] . An individual device often manifests a superposition of multiple periodicities. For a particular epitaxial ring device, although one cannot predict the predominate periodicity a priori, it is certain that at least one of these non-2π-periodicities shall be present. In Fig. 4 we display the number of occurrences of different periodicities from a total of 30 epitaxial β-Bi 2 Pd devices. While the conventional 2π-periodicity is still the most commonly observed, the occurrence of the 4π-, 6π-and 8π-periodicities are only slightly less. In the Supplementary Information we present more   examples for each non-2π-periodicities [33] .
With the exception of the π-periodicity [44] , non-2π-periodicities are not expected for the Little-Parks effect. They indicate e * being e, 2 3 e and 1 2 e respectively instead of 2e; concluding the presence of any individual one in a superconductor is potentially highly significant. First and foremost, concluding non-2π-periodicities is contingent on the correct determination of the conventional 2π-periodicity, which can be affected by the fidelity of nanofabrication and adversary effects such as flux focusing. We note that in many of the devices the 2π-periodicity coexists with other periodicities (e.g. Devices B and D), which allows determining φ 0 in a self-consistent manner. In general we find the observed φ 0 periods in good agreement with the expected values calculated from the design geometry. A summary is presented in Table S1 [33]. As control experiments, we have examined the Little-Parks effect in polycrystalline rings of Nb/Si, β-Bi 2 Pd/Si [32] , and α-BiPd/SrTiO 3 [45] , where only the conventional 2π-periodicity is observed. These studies employed the same device design geometries as those of this work, and the observed φ 0oscillation periods agree with expected values. At any rate, the non-2π-periodicities differ from the conventional 2π-periodicity by at least a factor of 2, too large to be discounted by flux focusing or uncertainties in calculating the effective loop area. Neither can these potential artifacts explain the coexistence of multiple periodicities, amply on display in Devices B, C and D.
It is also known that anomalies in flux transitions may occur at much lower temperatures when T ≪ T c . The system could stay locked in a metastable state before a sudden collapse into the ground state, resulting a flux jump by an arbitrary integer number of φ 0 [46] [47] [48] [49] . The onset of such an effect requires minimal thermal fluctuation at very low temperatures, therefore cannot occur in the resistive state in the vicinity of T c , where the Little-Parks effect is observed [48] .
In these flux jump experiments, often utilizing conventional s-wave superconductors, the Little-Parks effect is exploited as a control experiment because it manifests pure φ 0 -oscillation [49] . The avalanche from the metastable state to the ground state results an asymmetric saw-tooth pattern in the oscillations of the magnetic flux [46, 47] and the critical current [49] , in contrast to the smooth sinusoidal Little-Parks oscillations observed in this work. When the flux jumps, the relaxation to the ground state needs to be thorough, thus inconsistent with the observed superposition of multiple periodicities in β-Bi 2 Pd. We conclude that the non-2π-periodicities do not originate from multiple flux jumps.
We consider a theoretical model of a ring structure of a 1D Kitaev chain with a single Josephson junction. It can be shown that the T c manifests Little-Parks oscillation with the period of 2Φ 0 [33], as a result of forming Majorana edge states, resembling the 4π-Josephson effect of the same origin [14, 18] . Under this context, it may also help to understand why this effect is not observed at all in polycrystalline specimens. In that case, counter-propagating Majorona edge states confined by the opposite crystal grain boundaries may tend to cancel each other due to the limited grain sizes on the order of 20 nm [32] . The Josephson junction modeled in our theoretical analysis may translate to crystalline defects inside the loop of the ring device, which could act as weak links. We note that the model does not reproduce the 6πand 8π-periodicities, for the obvious reason that the corresponding mechanisms are not included in the simplified 1D Kitaev chain. Nevertheless, our theoretical analysis establish that the fractional Josephson effect may manifest itself as T c oscillation; the effect can be subsequently termed fractional Little-Parks effect.
As concluding remarks, we discuss the implications of our findings. We have investigated the Little-Parks effect of epitaxial β-Bi 2 Pd thin films and discovered non-2π-periodicities which corresponds to effective charges as fractions of a Cooper pair. They appear to suggest quasiparticles with charges of e, 2 3 e and 1 2 e. This fractional Little-Parks effect, to our best knowledge, has not been observed in any other superconducting materials. Even for β-Bi 2 Pd, such an effect does not appear in polycrystalline samples. Future theories to comprehensively understand the effect need to reconcile these facts.
Our proposed model based on Majorana edge states can readily explain the 4π-periodicity (i.e. 2Φ 0 oscillation) and account for the differences between epitaxial and polycrystalline samples.
Although only one junction is considered in the model, we note that it would not make qualitative differences if the loop contains multiple such junctions, since they all produce the same periodicity. One expects a superposition of the 2π-periodicity from the flux quantization, and the 4π-periodicity from Majorana edge states. The competition among respective free energy terms may give rise to particular temperature-or field-dependences of each periodicity.
It is often argued that the 4π-periodicity can only be observed as an AC effect but not in the DC limit, due to quasiparticle poisoning, a term that describes the Majorana state relaxing to its ground state by parity switching, which restores the conventional 2π current-phase relation in a Josephson junction [15] . There is an implicit presumption that the time scale between the parity switching events is always longer than the ground state relaxation time, which is not necessarily true [50] . If the parity switching processes happen faster than the relaxation to the ground state, the Majorana state can be immune to the quasiparticle poisoning effect and allow the 4π-periodicity to be observed in the DC limit, which could be the case for the fractional Little-Parks effect.
One may further postulate that different types of junctions may be present which can give rise to 6πor 8π-periodicities. Manifestation of a particular periodicity depends on the details of the defects enclosed in the loop, which accounts for the observed variation of behaviors among ring devices. Future experiments should try to obtain monochromatic oscillations by better controlling the defects. Several mechanisms have been proposed for the 8π-Josephson effect [26] [27] [28] .
In principle, an analysis of the free energy, similar to the one we demonstrated here [33], may show that the 8π-periodicity would also show up in the Little-Parks effect. Possibilities of nontopological mechanisms should also be explored. The shot noise in normal metal/superconductor junctions produces the appearance of a 2 3 e fractional charge, an effect that has no topological origin [51] . Absence of any immediate connection to the Little-Parks effect, the resemblance to the 6π-periodicity reported here seems more coincidental than substantial. Nevertheless, these issues invite further theoretical investigations. 
Temperature dependence of the Little-Parks oscillations in Device A
In the main text of the manuscript we presented the Little-Parks oscillation of Device A at a particular temperature of 2.7 K (Fig. 1 ). Here we present the results of the temperature dependence 
Analyzing the oscillation periods by fitting
Other than Fourier transform, an alternative approach for analyzing the oscillation periods is by fitting the magnetoresistance raw data employing a series of cosine functions with discrete frequencies. We analyze the Little-Parks effect of Device A, the data presented in Fig. 1d . We fit the raw data with a function which is the sum of four cosine terms with discrete frequencies, corresponding to 2π-, 4π-, 6πand 8π-periodicities, respectively. The amplitude and the frequency of each term are the fitting parameters. The result is presented in Fig. S6 . The fitting provides a cleaner spectrum (Fig. S6b) , which is nevertheless consistent with the Fourier transform result presented in Fig. 1e . The 4π-periodicity dominates the Little-Parks oscillation. Furthermore, the fitting result also reveals the ordinary 2π-component whose amplitude is too small to be distinguished from the noise floor in the Fourier transform spectrum shown in Fig. 1e .
Analysis of the FFT spectrum
To study the oscillation periods of the Little-Parks effect, we performed fast Fourier transform (FFT) analysis on the magnetoresistance raw data. The results have been shown in the main text as well as here in the Supplementary Materials, which could reveal multiple coexisting periodicities. However, if the oscillatory amplitude of a specific frequency is small, it may become difficult to distinguish the signal from the noise floor of the FFT spectrum, even though features of the said frequency may be visible from the ∆R-Φ raw data. One such example is the 2π-periodicity of Device A. While the presence of the Φ 0 -period produces visible modulations to the Little-Parks oscillation such as the kink-like feature at Φ = ±3Φ 0 , it is difficult to find corresponding 2π-peaks in the FFT spectra ( Fig. 1e and Fig. S5b ).
In such cases, we further the FFT analysis in order to separate the signal of these periodicities from the noise. First, we create filters to only allow the spectral weight around a number of discrete integer-quantum frequencies (2π, 4π, etc.), blocking the spectral continuum of the noise. As an example, we present the analysis for the Little-Parks oscillation of Device A at 2.6 K in Fig. S7a .
Each filter window for a specific frequency, marked by the yellow-shaded area in Fig. S7a , can be independently turned on and off. By excluding and including the 2π-periodicity, we obtain the blue and the red spectral curves, respectively. We shall then reconstruct the Little-Parks oscillations (∆R vs. H) from the filtered spectra, as shown in Fig. S7b, and 2π-periodic oscillation.
In Fig. S8 , we present another example of the FFT analysis, concerning the presence of the 2π-periodicity in Device D. Apparently the 2π-periodic component is present in the ∆R-Φ raw data as the high-pitch oscillations shown in Fig. 4a of the main text. However its relatively small amplitude makes the corresponding 2π-peaks rather invisible in the FFT spectra. Here we employ the same FFT analysis by creating filtered spectra with or without the 2π spectral weight (Fig. S8a) .
Reconstructed from the filtered spectrum excluding the 2π component, the blue curve shown in details, accounting for the blocked spectral weight of the continuum domains. Such deviation may be introduced by the background subtraction employed to obtain ∆R, which is inevitably insufficient because the precise analytical expression of the background curve is difficult to configure.
Half-quantum π-periodicity
In this section we focus on the Little-Parks oscillation of Device C at 2.5 K which, as we have briefly discussed in the main text, manifests a π-periodic oscillation. These high-pitch oscillations with the period of 1 2 Φ 0 are clearly present as can be seen from the raw data (purple curve in Fig. S9b ), however their small magnitude prohibits distinguishing the corresponding peak from the FFT spectrum (Fig. S9a) . We perform the FFT analysis as introduced in the previous section.
The π-periodic oscillation features, marked by pink arrows in Fig. S9b , can be reproduced from the filtered spectrum allowing the spectral weight around the half-quantum frequency of 2 Φ 0 . It has long been anticipated that the spin-triplet superconductor or superfluid may host halfquantum vortices (HQV) in the equal-spin-pairing state [39, 52] . Experimental signatures of HQV have been reported for 3 He [42] and Sr 2 RuO 4 [43, 44] . For the case of Sr 2 RuO 4 , an in-plane magnetic field in addition to the perpendicular field is required; otherwise only integer-quantum quantization can be observed. The magnitude of the in-plane field usually is much greater than that of the perpendicular field [43, 44] . In our case, the half-quantum oscillation in β-Bi 2 Pd is spontaneous upon applying the perpendicular field, with no in-plane field.
For β-Bi 2 Pd, topological and spin-chiral surface state has been revealed by photo-emission [29] and quasi-particle interference imaging [30] . Together with anisotropic superconducting pairing symmetry evidence by flux quantization [32] , the experimental results strongly suggest p-wave spin-triplet pairing. β-Bi 2 Pd has a tetragonal crystalline structure and a cylindrical Fermi surface [29] , much resemble that of Sr 2 RuO 4 . Future works are required to fully resolve the pairing symmetry of β-Bi 2 Pd. It would be particularly intereting to examine if the many p-wave states considered for Sr 2 RuO 4 [52, 53] may also be possible for β-Bi 2 Pd, especially the chiral p-wave state which is proposed to give rise to the HQV.
More examples of non-2π-periodicities
In this section we present additional examples of devices manifesting fractional Little-Parks effect. For each non-2π-periodicities (4π, 6π and 8π), we show two more devices whose Little-Parks oscillations are dominated by the said periodicity (Figs. S10, S11 and S12). These devices are labeled with letters E to J. Information about the device design and the φ 0 -oscillation period is also summarized in Table S1 . It can be seen that the device design does not appear to be a deciding factor as to which anomalous periodicities shall be observed. For example, Device H shares the same design with Device A.
However the former shows primarily the 6π-periodicity whereas the latter shows overwhelmingly the 4π-periodicity.
Magnetoresistance anomaly at zero magnetic field.
For a number of devices, the magnetoresistance demonstrates a spike-like anomaly around zero magnetic field, in addition to the Little-Parks oscillation. This behavior usually does not present itself at lowest temperatures, but becomes more prominent at higher temperatures (>2.7 K). Such behavior can be seen, for example, in the temperature dependence of the magnetoresistance in Devices A and D, presented in Fig. S5a and Fig. 4a . This suggests that the zero-field spike is related to the normal metallic state rather than the superconducting state. In fact, its rapidly decaying behavior at finite magnetic field resembles that of weak localization, known to be present in metals with sizable spin-orbit interaction [54] . Observations of the localization effect in superconductors have also been reported [55] [56] [57] . At any rate, this spike-like feature is not likely to be related to the magnetic flux quantization in the ring structure. Unlike the Little-Parks magnetoresistance oscillation, the field dependence of the zero-field spike is not determined by the dimensions of the rings. In Fig. S13 we present the most pronounced zero-field spike signals observed in three devices with various form factors. Because of the different ring sizes, the Φ 0 oscillation periods varies by a factor of 4 (33.5 Oe of Device H versus 121 Oe of Device K). Yet the field dependence of the spike-like features are virtually identical for all three devices. Therefore the origin of the zero-field spike trace back to the properties of the bulk magnetoresistance. Although this phenomenon invites further investigations, we conclude that it does not concern the investigation of the Little-Parks effect.
Fractional Little-Parks effect in a Kitaev chain.
In this section we study theoretically the free energy of a Kitaev chain with a single Josephson junction oscillating in flux with the periodicity equal to two flux quanta. The 2Φ 0 periodicity comes from the single-electron tunneling via Majorana modes. The single-electron tunneling leads to the resistance of a p-wave superconductor at the critical temperature doubles its oscillation periodicity comparing to the conventional Φ 0 -periodic flux quantization.
We start with the Hamiltonian of a Kitaev chain [14] to model a 1D p-wave superconducting ring with one single Josephson Junction [58] as Here α = L R denotes the superconductors on left and right side of a Josephson Junction. φ α and c are the superconducting phase and the electron operator respectively. The phase difference φ =
is defined by the flux Φ B through the ring and flux quantum Φ 0 = hc (2e).
We model the single-electron tunneling across the Josephson junction as
By expressing the electron operators in terms of Majorana operators c α,x = e −iφα 2 (γ α B,x + iγ α A,x ) 2, and defining d α,x = (γ α A,x+1 + iγ α B,x ) 2, we diagonalize the Kitaev chian H α as
The tunneling across the Josephson junction H Γ becomes
Where φ = φ L − φ R . The tunneling Hamiltonian can be simplified furthermore if we transform the basis into
The tunneling Hamiltonian in such basis becomes
The relevant terms in Kitaev chain H α is given as H ef f , where 
The Green's function G −1 can be expressed in terms of Matsubara frequencies ω n = (2n + 1)π β as G −1 (ω n ) = iω n −Ĥ BdG ,
where β = ̵ h (k b T ). The BdG HamiltonianĤ BdG gives the partition function Z and free energy F as we integrating out the field Ψ and Ψ † in partition function. By defining ξ a as the eigen energies ofĤ BdG , we have partition function Z as Z = e −βF = DΨ † DΨe ∑ n Ψ † (iωn−Ĥ BdG )Ψ (10)
= e − ∑ n log det G −1 (ωn) = e − ∑ n,a log(iωn−ξa)
= Π n,a (iω n − ξ a ) −1
The free energy F is therefore obtained as
Summing the Matsubara frequencies gives [59] F = − 1 β ln Z = 1 β n,a ln(iω n − ξ a )
To get the explicit result of free energy F , we evaluate the eigen energy ξ a ofĤ BdG via perturbation theory. By treating the tunneling term H Γ as perturbation, the first order perturbation gives the eigen energy [58] ξ a as
ξ p± = t ± Γ 2 cos(φ 2) + O((Γ t) 2 )
ξ h± = −t ± Γ 2 cos(φ 2) + O((Γ t) 2 )
Putting the eigen energies showing at Eq. (19) into the free energy showing at Eq. (16), we get the free energy as a 4π-periodic function. The cos( φ 2 ) term in free energy F corresponds to the oscillation of flux Φ B of periodicity equal to 2Φ 0 . One can check this by using the definition of phase difference of φ as φ = φ L − φ R = 2π(Φ B Φ 0 ). The cos( φ 2 ) term has 4π-periodicity in phase difference φ, which corresponds to 2Φ 0 -periodic in flux Φ B .
